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\S 1. WKB Borel






















(14) (13) (15) (16)
$\eta$
$S_{-1^{2}}=Q(x)$ , (1.7)
2$S_{-1}S_{n}+ \sum_{j=0}^{n-1}S_{j}S_{n-j}+\frac{dS_{n-1}}{dx}=0$ $(n\geq 0)$ (L8)
(17) $S_{-1}(x)=\pm\sqrt{Q(x)}$ (18) $S_{n}(x)$ $S_{-1}(x)$
(16)
$S^{(\pm)}(x, \eta)=\eta S_{-1}^{(\pm)}(x)+S_{0}^{(\pm)}(x)+\eta^{-1}S_{1}^{(\pm)}(x)+\cdots$ (19)
$S_{-1}^{(\pm)}(x)=\pm\sqrt{Q(x)}$ , $S_{0}^{(\pm)}(x)=- \frac{Q’(x)}{4Q(x)}$ , $S_{1}^{(\pm)}(x)=- \frac{5Q^{\prime 2}}{32Q^{6/2}}+\frac{Q’’}{8Q^{3/2}}$ (110)
$S^{(\pm)}(x, \eta)$ (1.4) (1.3)









$S^{(\pm)}(x,\eta)=$ d $(x, \eta)+S_{wen}(x,\dot{\eta})$ (1.13)
$S_{odd}(x, \eta)=\sum_{j\geq 0}\eta^{1-2j}S_{2j-1}(x)$ , $S_{em}(x, \eta)=\sum_{j\geq 0}\eta^{-2j}S_{2j}(x)$ (1.14)
$S_{-1}(x)=\sqrt{Q(x)}$, $S_{0}(x)=- \frac{Q’(x)}{4Q(x)}$ (1.15)
$S_{odd}(x, \eta)$ $S_{er}(x, \eta)$
1.1 $([KT,$ $(2.9),$ $p.15])$
$S_{ev\infty}(x, \eta)=-\frac{1}{2}\frac{d}{dx}\log S_{odd}(x, \eta)$. (1.16)
( ) (1.13) Riccati (1.6)
$2S_{even}S_{odd}+ \frac{dS_{odd}}{dx}=0$ (1.17)
$S_{er}$
$\int^{x}S^{(\pm)}(x,\eta)dx=\pm\int^{x}S_{odd}(x,\eta)dx-\frac{1}{2}\log S_{odd}(x, \eta)$ (1.18)
WKB
$\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}(x,\eta)}}\exp(\pm\int_{x_{0}}^{x}S_{odd}(x, \eta)dx)$ (1.19)
($x_{0}$ ) WKB WKB





\S 1.2. WKB Borel
WKB (1.11)( (1.19))
(1.11)
([F], [S], [W] ) Voros Borel (1.11)
Borel
$f( \eta)=e^{s\eta}\sum_{n=0}^{\infty}\eta^{-n-\alpha}f_{n}$ $(s, f_{n}\in \mathbb{C}, \alpha\in \mathbb{C}\backslash \{0, -1, -2, \cdots\})$ (121)




$|f_{n}|\leq AB^{n}n!$ $(n\geq 0)$ (1.23)
$f$ $\{f_{n}\}$
$y=-s$ Borel $f_{B}(y)$
(i) $y$ $\{-s+t;t\geq 0\}$ ( 1)
(ii) $C_{1},$ $C_{2}>0$ (i) $|f_{B}(y)|\leq C_{1}e^{C_{2}|y|}$ .
$f$ Borel $f$ Borel $F$




lRe $\alpha<0$ (1.24) $y=-s$
5
5
$f(\eta)$ ( $\alpha=1,$ $s=0$ ).
$|f_{n}|\leq AB^{n}(n=0,1,2, \cdots)$ $f_{B}(y)$
(i)
$|f_{B}(y)| \leq\sum_{n=0}^{\infty}\frac{|f_{n}|}{\Gamma(n+1)}|y|^{n}\leq Ae^{B|y|}$ (125)
(ii) $f$ Borel (1.24)
$e^{\eta s} \eta^{-n-\alpha}=\int_{-\epsilon}^{\infty}e^{-\eta y}\frac{(y+s)^{n+\alpha-1}}{\Gamma(n+\alpha)}dy$ (126)
$F(\eta)=f(\eta)$ $f$ $f$
Borel $f$ Borel
$f$ (i) ( ) Borel
$f$ Borel $F$
$\etaarrow\infty$ ( [E] ). Voros
( ) WKB Borel
$O$ Stokes WKB Borel WKB (119)
$\psi_{\pm}(x, \eta)=\exp[\pm\eta\int_{x_{0}}^{x}\sqrt{Q(x)}dx]\sum_{n=0}^{\infty}\psi_{\pm,n}(x)\eta^{-n-1/2}$ (1.27)
2. WKB $\psi_{\pm}$ Borel
$\psi_{\pm,B}(x, y)=\sum_{\sim-0}^{\infty}\frac{\psi_{\pm,n}(x)}{\Gamma(n+1/2)}(y\pm y_{0}(x))^{n-1/2}$ (128)
$y_{0}(x)= \int_{xo}^{x}\sqrt{Q(x)}dx$ (129)
$\{y;{\rm Re} y\geq{\rm Re}(\mp y_{0}(x))$ , ${\rm Im} y=I_{J}n(\mp y_{0}(x))\}$ (130)
WKB Borel
$\Psi_{\pm}(x, \eta)=\int_{\mp yo(x)}^{\infty}e^{-\eta y}\psi_{\pm,B}(x,y)dy$ (131)
( ). $x$
$\eta$ WKB Borel $x$













${\rm Im} \int_{a}^{x}\sqrt{Q(x)}dx=0$ (133)
$Q(x)=x$
$\int_{0}^{x}\sqrt{x}dx=\frac{2}{3}x^{3/2}=\frac{2}{3}r^{s/2}e^{3i\theta/2}$ $(x=re^{i\theta})$ (1.34)
Stokes $\theta=0$ , $2\pi/3$ , $4\pi/3$ 3 ( 2
). Stokes 3
( $\sqrt{Q(x)}$ Taylor ). 3$\sim$5 Stokes
Stokes Stokes
Stokes Stokes (Stokes geometry)
2: $Q(x)=x$ Stokes 3: $Q(x)=x^{2}-1$ Stokes
3











(i) $Q(x)$ ( )
(ii) $Q(x)$ (Q( )
Stokes Stokes ( )





OWKB Borel WKB Borel
$Q(x)$
14 (13) WKB (119) $x_{0}$ $x$ Stokes
Borel
Stokes WKB Borel $x$
Stokes WKB Borel
Stokes WKB Borel (13)
Stoke
WKB Borel Stokes




15 $a$ a WKB
$\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}(x,\eta)}}\exp(\pm l^{x}S_{odd}(x, \eta)dx)$ (1.36)
6 :
$\int_{a}^{x}S_{odd}(x, \eta)dx=\frac{1}{2}\int_{\gamma_{l}}S_{odd}(x,\eta)dx$ . (1.37)
($S_{2j-1}$ $x=a$ (132) )
6: $\gamma_{x}$ . $\sqrt{Q(x)}$
a WKB Borel
16 $a$ $a$ 3 Stokes




“fiXed singular point” Borel
( [AKT2] [Ko4] ).
WKB Borel
[Ko4] [Ko4] WKB Borel
Riccati (1.6) (19) Borel
$O$ : WKB Borel WKB Borel





WKB Borel $\psi_{\pm,B}(x, y)$
Voros “rador method” ([V])
1.7 (1.21) $f(\eta)$ Borel $f_{B}(y)$
$y=-s$
(i) $y$ $\{-s+te^{j\theta};t\geq 0\}$
( ) $C_{1},$ $C_{2}>0$ (i) $|f_{B}(y)|\leq C_{1}e^{G_{2}|y|}$ .
$f$ $\theta$ Borel
Borel $\theta=0$ Borel
(121) $\eta$ $f(\eta)$ Borel
$\mathcal{B}[f(\alpha\eta)](y)=B[f](\frac{y}{\alpha})$ $(\alpha\in \mathbb{C}\backslash \{0\})$ (1.38)
$\alpha=e^{-*\theta}(\theta\in \mathbb{R})$
f$(\eta$ $)$ . $\theta$ Borel $\Leftrightarrow$ $f(e^{-i\theta}\eta)$ $(\theta=0$ $)$Borel
(13) WKB $\psi_{\pm}(x, \eta)$ $\theta$ Borel
(1.3) $\arg\eta=-\theta$
$e^{-21\theta}Q(x)$ WKB ( ) Borel
$Q(x)=x^{2}-1$ $Q(x)$ Stokes 3
$\theta$ Borel $\theta$
Stokes 8. $k$ $\theta=k\pi/10$








1( ) WKB $x$ 1
Stokes ( 8 ).
$\gamma_{x}$ 1 $x$
15 ).
Stokes $\arg\eta$ $0$ $-\pi$
$\arg\eta$ Stokes $x$
1.6 WKB Borel
( $\gamma_{x}$ Stokes $x$
Stokes $\gamma_{x}$
)










$y$ $\psi_{\pm,B}(x,y)$ (generic )
$x$ WKB (movable





[DDP], [AKT2], [KKKoTl], $[KKKoT2],$ $[KoT]$
\S 2.
WKB Borel
4 $x=1$ $l$ KB $x$ Stokes
$[-\pi,0]$ $\arg\eta$ $-1$
Stokes $x$ Stokes $x$ 2




21 $a$ Stokes $\Gamma$
${\rm Re} \int_{a}^{x}\sqrt{Q(x)}dx>0$ along $\Gamma$ (2.1)
$\Gamma$ WKB $\psi_{+}$ dominant, $\psi_{-}$ subdominant
${\rm Re} \int_{a}^{x}\sqrt{Q(x)}dx<0$ along $\Gamma$ (2.2)
$\Gamma$ WKB $\psi_{+}$ subdominant, $\psi_{-}$ domi-nant
2.2
(i) Stokes ${\rm Re} \int_{a}^{x}\sqrt{Q(x)}dx$ well-
defined dominance relation $\sqrt e$
(ii)(1.27) $\psi_{+}$ dominant $\psi_{-}$ $\psi_{+}$
$\psi_{-}$ dominant $\psi_{-}$ $\psi_{+}$
9 $Q(x)=x^{2}/4-E(E>0)$ dominace relation $(\sqrt{Q(x)}$
$[-2\sqrt{E}, 2\sqrt{E}]$ $x>2\sqrt{E}$ $\sqrt{}$Q(x) $>0$ ).
Stokes dominance relation $+$
$\psi_{+}$ dominant – $\psi_{-}$ dominant
WKB
2.3 ([V]. [AKT2, KT, 2.23] )
$Q(x)$ $a$ $a$ 3 Stokes
$\psi_{\pm}(x, \eta)$ (1.3) $a$
WKB ( 1.5). 6 I $\psi_{\pm}$ Borel $\Psi_{\pm}^{(I)}$ ,
II $\psi_{\pm}$ Borel $\Psi_{\pm}^{(I^{-}}$ I II Stokes
$\psi_{+}$ dominant $\Psi_{\pm}^{\iota}$ II $\iota$
$\Psi_{+}^{(I)}=\Psi_{+}^{(II)}+i\Psi_{-}^{(II)}$ , $\Psi_{-}^{(I)}=\Psi^{\underline{(I}I)}$ (2.3)
I II Stokes $\psi_{+}$ Su
dominant
$\Psi^{\underline{(I})}=\Psi^{\underline{(I}I)}+i\Psi_{+}^{(II)}$ , $\Psi_{+}^{(I)}=\Psi_{+}^{(II)}$ (2.4)
13
13




$\psi_{+}arrow\psi_{+}+i\psi_{-}$ , $\psi_{-}arrow\psi_{-}$ (2.5)
$(\ddot{\dot{m}})(2.3)$ (2.5) WKB Borel
$WKB$ Stokes
\S 22. :





$xarrow\pm\infty$ $\psi(x)arrow 0$ (2.7)






$xarrow-\infty$ $\psi_{-}$ 9 $\Gamma$ $+\infty$
$\Gamma$ $-2\sqrt{E}$ Stokes
Stokes $\psi_{-}$ dominant WKB ( Borel )
$\psi_{-}arrow\psi_{-}-i\psi+$ (2.9)
( 23 Stokes $i$
).
$\Gamma$ ( $2\sqrt{E}$ ) Stokes $\psi_{-}$ dominant
Stokes 23 $\psi_{\pm}$
$\psi_{\pm}(x, \eta)=\exp(\pm\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}(x, \eta)dx)\cross\frac{1}{\sqrt{S_{odd}(x,\eta)}}\exp(\pm\int_{2\sqrt{E}}^{x}S_{odd}(x, \eta)dx)$
(2.10)
(2.11)$\psi_{-}-i\psi_{+}arrow\psi_{-}-i\{1+\exp(-2\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}dx)\}\psi+$
$\psi_{-}$ $\Gamma$ $\psi_{-}$ $x>2\sqrt{E}$
subdominant $E$
$1+ \exp(-2\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}dx)=0$ (2.12)
2 $\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}(x, \eta)dx=i\pi(2N+1)$ $(N\in \mathbb{N}_{0})$ (213)
(213) $S_{2n-1}(x)$ $x=\pm 1,$ $\infty$
( $\eta$ )
2 $\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}(x, \eta)dx=2\pi i{\rm Res}_{x=\infty}S_{odd}(x, \eta)=2\pi i\sum_{n=0}^{\infty}\eta^{1-2n}{\rm Res}_{x=\infty}S_{2n-1}(x, \eta)$ (2.14)
(1.8) $n\geq 1$
$S_{2n-1}(x)$ $x=\infty$ 5.











($a$ $a’$ ) [KT] Fuchs
\S 2.3. Airy WKB
( 23) WKB Borel
[V] –ffl 6.
([AKTl]. [KT] )
( \S 3) Borel
(i) (13) A y
(ii) Airy $(Q(x)=x$ $)$ WKB
( i) ( ) (13) WKB
(ii) \S 2.4. (i) (ili)





Airy WKB Airy (13) $Q(x)=x$
Riccati (1.6)
$S(x, \eta)=\eta\sqrt{x}-\frac{1}{4x}-\eta^{-1}\frac{5}{32x^{5/2}}-\eta^{-2}\frac{15}{64x^{4}}-\eta^{-3}\frac{1105}{2048x^{11/2}}+\cdots$ (2.18)
(18) $S_{n}(x)=c_{n}x^{-1-3n/2}$ ( )
WKB
$\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}(x,\eta)}}exP[\pm\int_{0}^{x}S_{odd}(x, \eta)dx]$ (2.19)
(1.27)
$\psi\pm(x, \eta)=e^{\pm\frac{2}{3}x^{3/2}\eta}\sum_{n=0}^{\infty}d_{\pm,n}x^{\frac{s}{2}n\frac{\iota}{4}}\eta^{-n-\frac{1}{2}}$ $(d\pm,n$ $)$ (2.20)
26 $\Gamma(z)$
$d_{\pm,n}= \frac{1}{2\pi}(\pm\frac{3}{4})^{n}\frac{\Gamma(n+1/2)\Gamma(n+5/6)}{n!}$ . (2.21)
( ) (2.20) (13) $($ $Q(x)=x)$ $d\pm$
$\frac{4}{3}(n+1)d_{\pm,n+1}=\pm(n+\frac{1}{6})(n+\frac{5}{6})d_{\pm,n}$ $(n\geq 0)$ (2.22)
$d_{\pm,0}=1$
OWKB Borel WKB $\psi\pm(x, \eta)$ Borel (cf. (1.28))
$\psi_{\pm,B}(x,y)=e^{\pm\frac{2}{3}x^{8/2}\eta}\sum_{n=0}^{\infty}\frac{d_{\pm,n}}{\Gamma(n+1/2)}x^{\frac{s}{2}narrow}(y\pm\frac{2}{3}x^{3/2})^{n-1/2}$ (2.23)
$d_{\pm,n}$ (2.21)
27 $F(\alpha, \beta, \gamma;z)$
$\psi_{+,B}(x, y)=\sqrt{\frac{3}{4\pi}}\frac{1}{x}s^{-1/2}F(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};s)|_{0=}\mathscr{H}+\frac{1}{2}$ , (2.24)
$\psi_{-,B}(x,y)=\ulcorner-\frac{3}{4\pi}\frac{1}{x}(1-s)^{-1/2}F(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};1-s)|_{s_{4oe^{32^{+\frac{\iota}{2}}}}}=^{3}+\cdot$ (2.25)
2.8[KT] (2.24) (2.25) WKB Borel







$= \sqrt{\frac{3}{4\pi}}\frac{1}{x}\int_{-\frac{2}{s}x^{3/2}}^{\infty}e^{-\eta y}(\frac{3y}{4x^{3/2}}+\frac{1}{2})^{-1/2}F(\frac{1}{6},$ $\frac{5}{6},$ $\frac{1}{2};\frac{3y}{4x^{S/2}}+\frac{1}{2})dy$ (2.29)
$\psi_{+,B}(x,y)$
$s=0,1$ $\Leftrightarrow$ $y=- \frac{2}{3}x^{s/2},$ $\frac{2}{3}x^{3/2}$ (2.30)
Borel (2.28) 1/2
7. $y=2x^{3/2}/3$ (2.28)
${\rm Im}[- \frac{2}{3}x^{3/2}]={\rm Im}[\frac{2}{3}x^{3/2}]$ $\Leftrightarrow$ ${\rm Im}[- \frac{2}{3}x^{3/2}]=0$ (2.31)
$\psi_{+}$ Borel $x$ $Q(x)=x$ Stokes
(cf. (1.34)). $x$ Stokes $\infty$
$\eta$ Borel (2.28)
29 Airy WKB $\psi_{\pm}$ $x$ Stokes Borel
Stokes WKB Borel
I: $\{x\in \mathbb{C};-\frac{2}{3}\pi<axgx<0\}$ , II : $\{x\in \mathbb{C};0<\arg x<\frac{2}{3}\pi\}$ (2.32)
























$\Psi_{+}^{(I)}(x, \eta)=\Psi_{+}^{(II)}(x, \eta)+\int e^{-\eta y}\psi_{+,B}(x, y)dy$ (2.33)
(2.33) $\psi_{+,B}(x, y)$
$y=2x^{3/2}/3$
210 $\psi_{+,B}(x, y)$ $y=2x^{3/2}/3$
$\psi_{+,B}(x, y)=\frac{i}{2}\psi_{-,B}(x, y)+$ ($y= \frac{2}{3}x^{3/2}$ ). (2.34)
( ) $\psi_{+,B}(x, y)$ (2.24) $y=2x^{3/2}/3$
$s=0$ $s=1$
$F( \frac{1}{6}, \frac{5}{6}, \frac{1}{2};s)=\frac{\Gamma(1/2)^{2}}{\Gamma(1/6)\Gamma(5/6)}(1-s)^{-1/2}F(\frac{1}{3}, -\frac{1}{3}, \frac{1}{2};1-s)$
$+ \frac{\Gamma(1/2)\Gamma(-1/2)}{\Gamma(1/3)\Gamma(-1/3)}F(\frac{1}{6}, \frac{5}{6}, \frac{3}{2};1-s)$ (2.35)
19
19
( 3 ). $s=1$
Kummer ( 3 )
$(1-s)^{-1/2}F( \frac{1}{3}, -\frac{1}{3}, \frac{1}{2};1-s)=s^{1/2}F(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};1-s)$ (2.36)
(234)
(234) (233)
$\int e^{-\eta y}\psi_{+,B}(x,y)dy=i\int_{\S x^{\theta/2}}^{\infty}e^{-m}\psi_{-,B}(x,y)dy=i\Psi_{-}^{(II)}(x,\eta)$ (2.37)
(233) (237) 23 (23)
10 $x$ $\psi_{-,B}(x,y)$ ( )








[LL], [BW] ). $\eta$











$x=x(z, \eta)$ , $\varphi(z, \eta)=(\frac{\partial x}{\partial z})^{-/2}\psi(x(z, \eta), \eta)$ (2.40)
$\psi(x, \eta)$ (2.39) $Q(x, \eta)$ $q(z, \eta)$
$Q(z)=( \frac{\partial x}{\partial z})^{2}q(x(z, \eta))-\frac{1}{2}\eta^{-2}\{x(z, \eta);z\}$ (2.41)
$\{X; z\}$ Schwartz
$\{x;z\}$ $:= \frac{\mathscr{Y}}{x^{l}}-\frac{3}{2}(\frac{x’’}{x})^{2}$ $( ‘= \frac{d}{dz} )$ . (2.42)
(2.38) $a$ (2.39) $q.(x)=x$
211 $x(z, \eta)$
$Q(z)=( \frac{\partial x}{\partial z})^{2}x(z, \eta)-\frac{1}{2}\eta^{-2}\{x(z, \eta);z\}$ (2.43)
(243)
$x(z, \eta)=x_{0}(z)+\eta^{-1}x_{1}(z)+\eta^{-2}x_{2}(z)+\cdots$ (2.44)
2. 12 ([KT, 2. 15, p.28])
$Q(z)$ $z=a$ 8. (2.43) ( $\eta$ )
(244)
(i) $z=a$ $U$ $j$ $x_{j}(z)$ $U$
(ii) $U$ $.dx_{0}/dz\neq 0$ .
(iii) $x_{2n+1}(z)\equiv 0$ .




$Q(z)=( \frac{\partial x_{0}}{\partial z})^{2}x_{0}(z)$ (2.45)





$Q(z)=\dot{c}(z-a)+\cdots$ ($c$ ) (2.47)
$x_{0}(z)=c^{3/4}(z-a)+\cdots$ (2.48)
$U$ $x_{0}(z)$ $U$ $x_{0}’(z)\neq 0$
$x_{1}(z)$
$x_{0}’(2x_{0^{\frac{dx_{1}}{dz}}}+x_{0}’x_{1})=0$ (249)
$0$ $x_{1}(z)\equiv 0$ .
(2.43) $\eta$ $n$
$x_{0}’(2x_{0^{\frac{dx_{n}}{dz}}}+x_{0}’x_{n})=f_{n}(z)$ (2.50)
$f_{n}(z)$ $x_{0}(z),$ $x_{1}(z),$ $\cdots,$ $x_{n-1}(z)$
$U$ ( [AKT2, (2.74), p.36]) ).
(2.50) $z=a$
$x_{n}(z)= \frac{1}{2x_{0}(z)^{1/2}}l^{z}\frac{f_{n}(z)}{x_{0}(z)^{1/2}x_{0}(z)}dz$ (2.51)
$U$ $n$ $f_{n}(z)\equiv 0$
$x_{n}(z)\equiv 0$
$x(z, \eta)$ (2.38) WKB
$z=a$ (\S 3.
).
2.13([KT, 2. 16, p. $29|)$
(2.38) Riccati $\eta$ $T(z, \eta)$ , (2.39)
Riccati $S(x, \eta)$ $x(z, \eta)$ (2.41)
$T(z, \eta)=\frac{\partial x}{\partial z}Si(x(z, \eta),\eta)-\frac{1}{2}\frac{x’’(z,\eta)}{x(z,\eta)}$ (2.52)
(2.52) $T(z, \eta)$ Riccati (2.41)
(2.52) $\eta$
9





$\varphi\pm(z, \eta)=\frac{1}{\sqrt{T_{odd}(z,\eta)}}\exp(\pm\int_{a}^{z}T_{odd}(z, \eta)dz)$ , (2.54)
$\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}(x,\eta)}}\exp(\pm\int_{0}^{x}S_{odd}(x, \eta)dx)$ (2.55)
10.
2.14 (238) WKB (254) (239) WKB (255)
$x(z, \eta)$ (2.41)
$\varphi\pm(z,\eta)=(\frac{\partial x}{\partial z})^{-1/2}\psi_{\pm}(x(z,\eta), \eta)$ . (2.56)
(2.38) WKB Airy WKB
OBorel 212 $x(z, \eta)$
$x(z, \eta)=x_{0}(z)+\Delta(z, \eta)$
$(\Delta(z, \eta)=\eta^{-1}x_{1}(z)+\eta^{-2}x_{2}(z)+\cdots)$ (2.56) Taylor
$\varphi\pm(z,\eta)=(\frac{\partial x}{\partial z})\sum_{n=0}^{-1/2\infty}\frac{\Delta(z,\eta)^{n}\partial^{n}\psi\pm}{n!\partial x^{n}}(x_{0}(z), \eta)$ . (2.57)
Borel
$\varphi_{\pm,B}(z,y)=(\frac{\partial x}{\partial z}(z, \partial_{y}))\sum_{n=0}^{-1/2\infty}\frac{\Delta(z,\partial_{y})^{n}\theta^{n}\psi_{\pm,B}}{n!\partial x^{n}}(x_{0}(z), y)$ (2.58)
$=P(x, \partial_{x}, \partial_{y})\psi_{\pm,B}(x,y)|_{x=xo(z)}$ (2.59)
$x_{0}(z)$ $z_{0}(x)$




operator (2.59) Airy WKB Borel $\psi_{\pm,B}(x, y)$





[AKTI] $Q(z)$ $z=a$ 212
$x(z, \eta)$ : $K\subset U$
$A_{K},$ $C_{K}>0$
$\sup_{z\in K}|x_{n}(z)|\leq A_{K}C_{K}n!$ $(n\geq 0)$ . (2.60)
$P(x,\partial_{x}, \partial_{y})$ mlcrodifferentiml operator
2.15 ([AKTI] ) $[?]$ $Q(z)$ $a$ $a$
$r>0$ (2.54) WKB Borel
$\varphi_{+,B}(z,y)$
$\{z;|z-a|<r\}x\{y;|y+l^{z}\sqrt{Q(z)}dz|<2|l^{z}\sqrt{Q(z)}dz|\}$ (2.61)
$y= \pm\int_{a}^{z}\sqrt{Q(z)}dz$ $y= \mp\int_{a}^{z}\sqrt{Q(z)}dz$
$-1/2$ $y$




Airy 11, 12 $Q(x)$
[AKTI] $Q(z)$ $a$
$\varphi_{\pm,B}(x,y)$
$x$ $a$ $\sim$ $\mp\int_{a}^{x}\sqrt{Q(x)}dx$ (




mi-crodifferential operator $P$ [KKo]
(Al) $Q(z)$
(A2) $a$ $Q(z)$
(A3) $a$ 3 Stokes
24
24
$x(z, \eta)$ $z$ 3 Stokes $V$
$x(z, \eta)$ Borel [KKo]
216 (Al), (A2), (A3) $\rho>0$ (2.54)
WKB Borel $\varphi+,B(z, y)$
$V\cross\{y\in \mathbb{C}$ ; dist $(y, - \int_{a}^{z}\sqrt{Q(z)}dx+\mathbb{R}_{+})<\rho\}$ (2.64)
$y= \pm\int_{a}^{z}\sqrt{Q(z)}dz$ $y= \mp\int_{a}^{z}\sqrt{Q(z)}dz$
$-1/2$ $y$ (2.62)















11 $[LL, (32.10), P.123]$
$x$ . $U=-\alpha/x$
12 (3.1) $Q(x,\eta)$ $\eta$ $Q(x, \eta)$






\S 3.1. WKB Stokes
\copyright WKB (31) WKB (1.4) (3.1)
Riccati
$S^{2}+ \frac{dS}{dx^{2}}=\eta^{2}Q(x, \eta)$ (3.4)
(15)
$S_{-1^{2}}= \frac{Q_{0}(x)}{x}$ , (3.5)
$2S_{-1}S_{0}+ \frac{dS_{-1}}{dx}=\frac{Q_{1}(x)}{x}$ , (3.6)
$2S_{-1}S_{1}+S_{0}^{2}+ \frac{dS_{0}}{dx}=\frac{Q_{2}(x)}{x^{2}}$, (3.7)
$2S_{-1}S_{n}+ \sum_{-}^{n-1}S_{j}S_{n-j}j\sim+\frac{dS_{n-1}}{dx}=0$ $(n\geq 2)$ (3.8)
$S_{-1}=\pm\sqrt{Q_{0}(x)}/x$ (3.5) (1.9) (3.4)
$S^{(\pm)}(x, \eta)$ (3.1) $\eta^{-1}$ (112)
$S_{odd}(x, \eta)=\frac{1}{2}(S^{(+)}(x,\eta)-S^{(-)}(x,\eta))$ , $S_{mn}(x, \eta)=\frac{1}{2}(S^{(+)}(x, \eta)+S^{(-)}(x,\eta))$ (3.9)
(116) 13. WKB (119)
31 $S_{j}(x)$ (132)
$S_{j}(x)=x^{-j/2-1}$ $\cross$ ( ) (310)
$O$ Stokes Stokes
${\rm Im} \int_{0}^{ae}\sqrt{\frac{Q_{0}(x)}{x}}dx=0$ (3.11)
$Q_{0}(x)/x$ Laurent











3.2 $([Ko1], [Ko2], [KKo])$
(3.1) Stokes
WKB (3.12) Borel Stokes
$\psi_{+}$ Stokes dominant
$\psi_{+}arrow\psi_{+}+2i\cos(\pi\sqrt{1+4Q_{2}(0)})\psi_{-}$ , $\psi_{-}arrow\psi_{-}$ (3.13)
$\psi_{-}$ Stokes dominant
$\psi_{-}arrow\psi_{-}+2i\cos(\pi\sqrt{1+4Q_{2}(0)})\psi_{+}$ , $\psi_{+}arrow\psi_{+}$ (3.14)
$\sqrt{1+4Q_{2}(0)}$









$[-$ $+ \eta 2(\frac{1}{x}+\eta^{-2}\frac{\lambda}{x^{2}})]\psi=0$ With $\lambda=Q_{2}(0)$ (3.15)
(315) Riccati
$S(x, \eta)=\eta\frac{1}{\sqrt{x}}+\frac{1}{4x}+\eta^{-1}\frac{16\lambda+3}{32x^{3/2}}+\eta^{-2}\frac{16\lambda+3}{64x^{2}}-\eta^{-3}\frac{(16\lambda+3)(16\lambda-21)}{2048x^{5/2}}+\cdots(316)$
$S_{j}(x)=c_{j^{X^{-j/2-1}}}$ ( $c_{j}$ ) $y$
Rioeati (3.15) WKB (3.12)
Borel
33 $([Ko1,$ $(3.7),$ $(3.9)])$ $F(\alpha, \beta, \gamma;z)$
$\psi_{+,B}(x,y)=\frac{1}{\sqrt{4\pi}}s^{-1/2}F(\alpha-\frac{1}{2}, \beta-\frac{1}{2}, \frac{1}{2};s)|_{\epsilon=_{4*I}}*+^{1}$ ’ (317)
$\psi_{-,B}(x, y)=\frac{1}{\sqrt{-4\pi}}(1-s)^{-1/2}F(\frac{3}{2}-\alpha, \frac{3}{2}-\beta, \frac{1}{2};1-s)|_{\epsilon=_{4}\star_{x}+\#}$ . (318)
$\alpha$ . $\beta$ $\theta^{2}-2\theta-4\lambda$ 2 ((317) (318) 2
).
$\psi_{\pm,B}(x, y)$ 32 (315)
14 $x(z,\eta)=x_{0}(z)+\eta^{-1}x_{1}(z)+\cdots$
$\frac{Q_{0}(z)}{z}+\eta^{-1}\frac{Q_{1}(z)}{z}+\eta^{-2}\frac{Q_{2}(z)}{z^{2}}=(\frac{\partial x}{\partial z})^{2}\{\frac{1}{x}+\eta^{-2}\frac{\lambda}{x^{2}}\}-\frac{1}{2}\eta^{-2}\{x;z\}$ (319)
( 2.11 (243) )
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